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A Theoretical View of Coherent Sampling

Introduction
In recent years, the comprehensive science behind testing the
performance of A/D converters has been perfected.
Commercially available equipment used to test the
performance of A/D converters has been forced to keep up
with the various performance measures developed. Some of
these parameters include effective number of bits (ENOB),
total harmonic distortion (THD), and signal to noise ratio
(SNR). A number of data acquisition systems (DAS) have
been to developed to test the performance of these A/D
converters.
One approach for measuring the parameters listed above is to
use frequency-based continuous wave tests on A/D
converters. Since these tests perform fast Fourier (FFT)
transforms [1] of the sample signal, one issue arises. The
continuous (sinusoidal) wave must be sampled coherently by
the DAS system in order to avoid FFT artifacts. This
application note was written to assist those trying to
understand coherent sampling mathematically. For a more
general discussion on coherent sampling, refer to [2].

Definition of Coherent Sampling
In order to avoid FFT artifacts, the ratio between the
frequency of the input signal and the sampling frequency of
the system must be able to be expressed as a rational
number. Let us take the ideal sinusoid formed from N
samples:
x(n) = sin(2f n 

(EQ. 1)

where n is defined as the sampling index 0 < n < N - 1.
f is equal to the digital frequency. The analog frequency, F, is
defined as F = FS f, where FS is the sampling frequency of the
system. The digital frequency is considered coherent if f is a
rational number; since there are only N samples in the
sinusoidal data set, f is the rational number
k0
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(EQ. 2)

The DFT is defined as
N–1
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(EQ. 4)

n=0

where 0  k  N-1 and k is the frequency sampling index. It is
related to the analog frequency by
k
F = ---- F S
N

(EQ. 5)

To clear up a point of confusion, the FFT is an efficient method
of computing DFT if N, the number of samples, is a power of
2. The DFT and FFT are only a tools used to identify the
spectral purity of a periodic tone. Sinusoids certainly have the
simplest spectral results (with which we will derive later); but
other periodic signals, such as triangle waves and square
waves, also have distinct spectral response. These
transforms were invented by mathematicians at the turn of the
century as a simple extension of the unit circle/sine-cosine
relationship. As engineers, we apply the DFT and FFTs to a
wide variety of signals and have been trained to identify a
signal, perform signal-to-noise ratios, and evaluate the quality
of whole systems.
Notice that F is now a discretely sampled domain related to
the sampling frequency. k, also known as the frequency bin
can only go up to N-1, and thus the maximum frequency is (N1)FS/N.
Recall that one of the Euler’s identities is
jx

– jx
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(EQ. 6)

Using Equations 3, 4, and 6, the following can be derived:
N–1

where k0 and N are integers.
2
x  n  = sin  ------- k 0 n
N


Mathematical Reason Behind Coherent
Sampling

1
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(EQ. 3)

where n is defined as the sampling index 0 < n < N - 1.
Mathematically, there is no reason why f is required to be
rational; N remains an integer, but k0 can range from all real
numbers. In the following section, we will derive the discrete
Fourier transform (DFT) of Equation 3 without requiring
Equation 2 to be rational.



(EQ. 7)
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(EQ. 8)

The summation can be easily evaluated using the geometric
series equation
N–1



N
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Thus Equation 8 becomes
2
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(EQ. 10)

Take advantage of the fact that
e
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(EQ. 11)

Equation 10 can be written as
·
 –j   k0 – k 
j  k – k 
j  k – k 
j  k + k 
–j   k + k 
–j   k + k  
0
0
0
0
0

–e
–e
e
e
e
1 e
X  k  = -----  --------------------------------------------------------------- --------------------------- – ---------------------------------------------------------------- ------------------------------






2j  – j --- k – k
j ----  k – k 
j ----  k – k 
j ----  k + k 
– j ----  k + k 
– j ----  k + k 
N 0
N 0
N 0
N 0
N 0
 e N 0

e
–e
e
–e
e

(EQ. 12)

The resulting bracket terms can be reformed into sine wave using the synthesis of Equation 6. Thus Equation 12 can be written
as
N–1
N–1

j -------------  k 0 – k 
– j  -------------  k 0 + k 
sin    k 0 + k  

N
N
1  sin    k 0 – k  
– --------------------------------------- e
X  k  = -----  --------------------------------------- e
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sin ----  k 0 + k 
-  k0 – k 
 sin --
N
N

for k = 0,1,...,N-1.
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(EQ. 14)

where  (x) is a delta function defined by  (x) = 0 for all x
except for x = 0;  (0) = 1. Figure 1 shows a plot of
Equation 13; the second delta function is not identical to
Equation 14 due to the sinusoidal roll-over limitations of the
software. The pseudo-code used to generate this plot is given
in the Appendix.

AN9705 Rev.0.00
Jun 1, 1997

-10
MAGNITUDE (dB)

Now the importance of the digital frequency, f, being rational
becomes clear. If f is rational, then k0 is an integer, and the
numerators of both sin(x)/sin(x/N) functions are 0 for all
frequency index k. Remember that the frequency index, k, is
also related to a discrete analog frequency bin as shown in
Equation 5. Now note that the denominator of the first
sin(x)/sin(x/N) function goes to sin(0) = 0 only when k = k0.
Thus the signal is indeterminate when k = k0. The first
sin(x)/sin(x/N) function at this indeterminate point is equal to
N using L’Hospital rule. A similar indeterminate function
occurs for the second sin(x)/sin(x/N) function when k = N - k0 .
The denominator is equal to sin() = 0. Thus, if k0 is an
integer, then Equation 13 is
N
X  k  = -----    k – k 0  +   k – N + k 0   for k = 0,1,...,N-1,
2j

(EQ. 13)

FIGURE 1. PLOT OF THE FREQUENCY RESPONSE OF A
SINUSOID WHERE k0 = 16, N = 256

We define coherent frequencies as when the digital frequency
of the sinusoid is rational and the FFT results in perfect delta
functions occurring at the frequency bin k0 and N - k0. Note
that for logarithm magnitude display of Equation 13,
engineers often normalize the FFT and DFT results by 1/N.
The number of samples, N, is seen as a computational gain.
Note that the 2j term in the gain is a phase component. The
magnitude plots of Equation 13 show that the energy of the
sinusoid is divided between the two delta functions.
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Now let us examine sinusoids where k0 is not equal to an
integer, and the function is not coherent with respect to N and
FS. The numerator of both sin(x)/sin(x/N) functions in Equation
13 can never go to 0 because k- k0 can never equal 0 and k-N+
k0 can never equal N. In fact, the linear domain has, for large N,
a sinc function shifted about k0 and N- k0 frequency bins. The
dB plots of Equation 13 with a non-integer k0 reveal spreading
about these same frequency bins. Figure 2 shows a 256 point
sinusoid with a k0 = 15.25. The pseudo-code used to generate
this plot is given in the Appendix.
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Pseudo-code used to generate Figure 1 from Equation 13
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FIGURE 2. PLOT OF THE FREQUENCY RESPONSE OF A
SINUSOID WHERE k0 = 15.25, N = 256

Summary
For a data set of N, it was shown that the ratio of F/FS must
have an equivalent ratio k0/N that is a rational number. If this
condition is not met, smearing across the frequency bins occurs.
The DAS system is left with three options. First, it can
compensate for the frequency artifact caused by non-coherent
sampling using windowing. The compensation of non-coherent
sampling can only be marginal, however, if the DAS system is
limited in registers and computational capability. The second
option is for the DAS system to fix the sampling frequency of the
system, compute a frequency of the continuous wave that
results in an equivalent ratio F/FS = k0/N that is rational, and
tune the input continuous wave to the computed frequency. The
third option is for the DAS system to fix the continuous wave
frequency, compute a sampling frequency of the system that
results in an equivalent ratio F/FS = k0/N that is rational, and
tune the sampling frequency to the computed frequency. The
latter two options are practical approaches for most DAS
systems.
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k = 0:255;
k0 = 16;
A1 = sin(pi*(k0-k)); A2 = sin(pi*(k0+k));
B1 = sin(pi*(k0-k)/256); B2 = sin(pi*(k0+k)/256);
C1 = exp(j*pi*255/256*(k0-k));
C2 = exp(-j*pi*255/256*(k0+k));
for o = 1:256
if B1(o) ~= 0
X1(o) = 1/(2*j)*(A1(o)/B1(o)*C1(o) A2(o)/B2(o)*C2(o));
else
X1(o) = 256;
end
end
plot(20*log10(abs(X1/256)),'w')
axis([1 256 -60 0])
xlabel('frequency index = k')
ylabel('Magnitude (dB)')
Pseudo-code used to generate Figure 2 from Equation 13
k=0:255;
k0 = 15.25;
A1 = sin(pi*(k0-k)); A2 = sin(pi*(k0+k));
B1 = sin(pi*(k0-k)/256); B2 = sin(pi*(k0+k)/256);
C1 = exp(j*pi*255/256*(k0-k));
C2 = exp(-j*pi*255/256*(k0+k));
X1 = 1/(2*j)*(A1./B1.*C1 - A2./B2.*C2);
plot(k, 20*log10(abs(X1/256)),'w')
axis([0 255 -60 0])
xlabel('frequency index = k')
ylabel('Magnitude (dB)')
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Notice
1.

Descriptions of circuits, software and other related information in this document are provided only to illustrate the operation of semiconductor products and application examples. You are fully responsible for
the incorporation or any other use of the circuits, software, and information in the design of your product or system. Renesas Electronics disclaims any and all liability for any losses and damages incurred by
you or third parties arising from the use of these circuits, software, or information.

2.

Renesas Electronics hereby expressly disclaims any warranties against and liability for infringement or any other claims involving patents, copyrights, or other intellectual property rights of third parties, by or
arising from the use of Renesas Electronics products or technical information described in this document, including but not limited to, the product data, drawings, charts, programs, algorithms, and application
examples.

3.

No license, express, implied or otherwise, is granted hereby under any patents, copyrights or other intellectual property rights of Renesas Electronics or others.

4.

You shall not alter, modify, copy, or reverse engineer any Renesas Electronics product, whether in whole or in part. Renesas Electronics disclaims any and all liability for any losses or damages incurred by

5.

Renesas Electronics products are classified according to the following two quality grades: “Standard” and “High Quality”. The intended applications for each Renesas Electronics product depends on the

you or third parties arising from such alteration, modification, copying or reverse engineering.

product’s quality grade, as indicated below.
"Standard":

Computers; office equipment; communications equipment; test and measurement equipment; audio and visual equipment; home electronic appliances; machine tools; personal electronic
equipment; industrial robots; etc.

"High Quality": Transportation equipment (automobiles, trains, ships, etc.); traffic control (traffic lights); large-scale communication equipment; key financial terminal systems; safety control equipment; etc.
Unless expressly designated as a high reliability product or a product for harsh environments in a Renesas Electronics data sheet or other Renesas Electronics document, Renesas Electronics products are
not intended or authorized for use in products or systems that may pose a direct threat to human life or bodily injury (artificial life support devices or systems; surgical implantations; etc.), or may cause
serious property damage (space system; undersea repeaters; nuclear power control systems; aircraft control systems; key plant systems; military equipment; etc.). Renesas Electronics disclaims any and all
liability for any damages or losses incurred by you or any third parties arising from the use of any Renesas Electronics product that is inconsistent with any Renesas Electronics data sheet, user’s manual or
other Renesas Electronics document.
6.

When using Renesas Electronics products, refer to the latest product information (data sheets, user’s manuals, application notes, “General Notes for Handling and Using Semiconductor Devices” in the
reliability handbook, etc.), and ensure that usage conditions are within the ranges specified by Renesas Electronics with respect to maximum ratings, operating power supply voltage range, heat dissipation
characteristics, installation, etc. Renesas Electronics disclaims any and all liability for any malfunctions, failure or accident arising out of the use of Renesas Electronics products outside of such specified
ranges.

7.

Although Renesas Electronics endeavors to improve the quality and reliability of Renesas Electronics products, semiconductor products have specific characteristics, such as the occurrence of failure at a
certain rate and malfunctions under certain use conditions. Unless designated as a high reliability product or a product for harsh environments in a Renesas Electronics data sheet or other Renesas
Electronics document, Renesas Electronics products are not subject to radiation resistance design. You are responsible for implementing safety measures to guard against the possibility of bodily injury, injury
or damage caused by fire, and/or danger to the public in the event of a failure or malfunction of Renesas Electronics products, such as safety design for hardware and software, including but not limited to
redundancy, fire control and malfunction prevention, appropriate treatment for aging degradation or any other appropriate measures. Because the evaluation of microcomputer software alone is very difficult
and impractical, you are responsible for evaluating the safety of the final products or systems manufactured by you.

8.

Please contact a Renesas Electronics sales office for details as to environmental matters such as the environmental compatibility of each Renesas Electronics product. You are responsible for carefully and
sufficiently investigating applicable laws and regulations that regulate the inclusion or use of controlled substances, including without limitation, the EU RoHS Directive, and using Renesas Electronics
products in compliance with all these applicable laws and regulations. Renesas Electronics disclaims any and all liability for damages or losses occurring as a result of your noncompliance with applicable
laws and regulations.

9.

Renesas Electronics products and technologies shall not be used for or incorporated into any products or systems whose manufacture, use, or sale is prohibited under any applicable domestic or foreign laws
or regulations. You shall comply with any applicable export control laws and regulations promulgated and administered by the governments of any countries asserting jurisdiction over the parties or
transactions.

10. It is the responsibility of the buyer or distributor of Renesas Electronics products, or any other party who distributes, disposes of, or otherwise sells or transfers the product to a third party, to notify such third
party in advance of the contents and conditions set forth in this document.
11. This document shall not be reprinted, reproduced or duplicated in any form, in whole or in part, without prior written consent of Renesas Electronics.
12. Please contact a Renesas Electronics sales office if you have any questions regarding the information contained in this document or Renesas Electronics products.
(Note 1)

“Renesas Electronics” as used in this document means Renesas Electronics Corporation and also includes its directly or indirectly controlled subsidiaries.

(Note 2)

“Renesas Electronics product(s)” means any product developed or manufactured by or for Renesas Electronics.
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